The main aim of this paper is to apply a low order nonconforming EQ rot 1 finite element to solve the nonlinear Schrödinger equation. Firstly, the superclose property in the broken H 1 -norm for a backward Euler fully-discrete scheme is studied, and the global superconvergence results are deduced with the help of the special characters of this element and the interpolation postprocessing technique. Secondly, in order to reduce computing cost, a two-grid method is developed and the corresponding superconvergence error estimates are obtained. Finally, a numerical experiment is carried out to confirm the theoretical analysis.
Introduction
Consider the following nonlinear Schrödinger equation ( where X = (x, y), Ω ⊂ R 2 is a bounded convex domain with Lipschitz boundary ∂Ω. i is the imaginary unit, u(X, t) is a complex-valued function, T ∈ (0, +∞) is a real parameter, f (|u| 2 ) = |u| 2r (r ≥ 1 is an integer) is a smooth real-valued function, and u 0 (X) is a known smooth function. The Schrödinger equation may describe many physical phenomena in optics, mechanics, and plasma physics, and it plays a very important role in various areas of mathematical physics. Numerical methods for this problem have been investigated extensively, e.g., see [1] [2] [3] for finite difference methods, [4] [5] [6] [7] [8] for finite element methods (FEMs), and [9] [10] [11] for others. Especially, the superconvergence analysis of FEMs for the Schrödinger equation have been studied successfully. For example, [12] used the conforming bilinear element to solve the LSE and obtained the superclose and superconvergence results in H 1 -norm for the semi-discrete scheme. [13] derived the same results as [12] for NLSE with the conforming linear triangular element by establishing the relationship between Ritz projection and the linear interpolation. Whereafter, a series of superconvergence results about backward Euler and Crank-Nicolson fully-discrete schemes for NLSE also were studied in [14] [15] [16] [17] . A two-grid method was first introduced by Xu [18, 19] as a discretization technique for nonlinear and nonsymmetric indefinite partial differential equations. The main idea of this method is to use a coarse space (with mesh size H) to produce a rough approximation of the solution, and then use it as the initial guess for one Newton iteration on the fine grid (with mesh size h and h H). Up to now, the two-grid method was deeply researched for different problems [20] [21] [22] [23] [24] [25] . Especially, the two-grid method was used to solve the linear Schrödinger equation (LSE) and NLSE in [26] [27] [28] [29] [30] . However, this method is rarely considered for nonconforming elements.
As we know, EQ rot 1 element is an important quadrilateral nonconforming finite element and has been employed to deal with different problems successfully for its good theoretical and numerical behavior [31] [32] [33] [34] [35] [36] [37] . The purpose of this work is to use this element to deal with problem (1.1). By virtue of the special properties of this element, we obtain the superclose and superconvergence results in the broken H 1 -norm for the backward Euler fully-discrete scheme. At the same time, in order to reduce the computing cost, we develop a new two-grid algorithm and deduce the corresponding superconvergence results. The paper is organized as follows. In Sect. 2, EQ rot 1 element and some lemmas are briefly introduced. In Sect. 3, the backward Euler fully-discrete scheme for problem (1.1) is discussed and some important superconvergence results are derived. In Sect. 4, a two-grid scheme of (1.1) is established and the corresponding superconvergence results are obtained. Finally, a numerical experiment is carried out to confirm the theoretical results. 
Nonconforming
where
and |F i | and |K| are the measures of F i and K , respectively. The associated finite element space V h can be defined by 
Proof By introducing two functions
and
v h ds, which has continuity between elements and vanishes on ∂Ω, and hence the summation
So we can obtain that
where we use the expressions
Now we begin to estimate A 1 , which can be rewritten as
Firstly, for all v hy ∈ span{1, y}, we know that
, and by Green's formula, we have
By the inverse inequality, term B 11 can be estimated as
For the term B 12 , it can be written as
Noting that 10) and substituting (2.10) into (2.9), we can derive
As to the term B 13 , noting that F(y)| F 1 ,F 3 = 0 and F (y) = y -y K , we have
Combining with (2.7)-(2.9) and (2.12), we can obtain
Finally, substituting estimates (2.13) and (2.14) into (2.6), we obtain
And similarly, we can derive the result
Combining with (2.15) and (2.16), the desired result is obtained.
Remark 2.1 In [38] , the authors derived the following result:
Obviously, the regularity requirement of u is stronger than our result.
Backward Euler fully-discrete scheme and superconvergence results
The variational form of (1.1) is to find u ∈ H
where (u, v) = Ω uv dx dy denotes the inner product, v is the conjugate of v. Given a time step τ = T/N , where N is a positive integer, we shall approximate the solution at times t n = nτ , n = 0, 1, . . . , N . For a given smooth function φ n on [0, T], define
, and ∂ t ∇φ n = ∇φ n -∇φ n-1 τ . Equation (3.1) has the following equivalent formulation:
The backward Euler fully-discrete scheme of (3.1) is to find U n ∈ V h such that
In order to carry out the error estimate and superclose analysis, we introduce the following assumption.
Assumption 3.1 Let u
n and U n be the solutions of (1.1) and (3.4), respectively, for n = 1, 2, . . . , N , then there exists 0 < h 0 < 1 such that, for 0 < h < h 0 , n = 1, 2, . . . , N , it holds
which means U n 0,∞ < C.
Regarding the proof of Assumption 3.1, one can refer to [15] for details.
For simplicity, we write
Then we have the following results.
Theorem 3.1 Assume that u n and U n are the solutions of (1.1) and (3.4), respectively. If
Proof From (1.1) and (3.4), we have the result
which can be rewritten as
Comparing the imaginary parts of (3.9), we get
Now, we start to estimate each term D i (i = 1, 2, 3, 4) one by one. Applying ε-Young's inequality, we obtain
By using the continuity of f (s) and Assumption 3.1, we have
where ξ 1 lies between |u n | 2 and |U n | 2 .
With the help of the result (3.3) and Lemma 2.2, terms D 3 and D 4 can be estimated as By Gronwall's lemma, we can derive
which implies
On the other hand, taking v h = ∂ t θ n in (3.8), we obtain
Comparing the real parts of (3.20), we get
Now we estimate the term ∂ t θ n 2 0 . To do this, take difference between two time levels n and n -1 of (3.8) and multiply by 1 τ on both sides, then set v h = ∂ t θ n to get
From [15] , we know that 
Comparing the imaginary part of (3.23) with the above estimations, we obtain
Summing (3.28) up with respect to n leads to
Setting n = 1 and taking v h = ∂ t θ 1 in (3.8), with an argument similar to (3.19), we can derive 30) which together with (3.19) , (3.29) , and (3.30) gives
Substituting (3.31) into (3.22) and summing up from 1 to n yields
Thus the proof is complete. Now we will introduce a proper interpolation postprocessing operator to get the global superconvergence result. For this purpose, we further assume that T h has been obtained from T 2h by dividing each element into four congruent rectangles. L 3 , and L 4 be four edges. As in [31, 38] , we define the interpolation operator Π 2h on the partition T 2h :
where P 2 (T ) denotes the set of polynomials of degree 2.
It has been shown in [38] that the interpolation operator Π 2h defined above satisfies the following properties: 
Proof Noticing that 36) by (3.33) and interpolation error estimates, we have
Consequently, it follows from (3.34) and Theorem 3.1 that 
The two-grid finite element scheme and error analysis
In this section, we design a two-grid finite element algorithm (see Algorithm 4.1 below) for problem (1.1) to reduce the computing cost. The idea of the two-grid method is to reduce the nonlinear problem on a fine grid into a linear system through solving a nonlinear problem on a coarse grid. T H and T h are two regular subdivisions of Ω with two different mesh sizes H and h (h H), and the corresponding EQ rot 1 finite element spaces V H and V h (which will be called the coarse-grid space and the fine-grid space), respectively. 
Conclusions
In this paper, we applied low order nonconforming EQ rot 1 finite element to solve the nonlinear Schrödinger equation, and derived the global superconvergence results for the backward Euler fully-discrete scheme and a type of two-grid scheme, respectively. A numerical example is presented to demonstrate the theoretical results. The method presented in this paper is suitable for the standard Galerkin finite element and can be extended to dealing with other nonlinear problems.
